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1 Introduction: Using the Math of Thermodynamics

In the last lecture, we established that all thermodynamic state functions (𝑈, 𝐻, 𝐴, 𝐺) have exact
differentials. Using Legendre transforms, we showed that these expressions all contain the same
information, just rearranged and written in terms of two different independent variables. We also
introduced the Thermodynamic Square to help us remember these fundamental equations.

Today, we will use the properties of exact differentials to derive the Maxwell Relations. These
relations are the “magic key” of thermodynamics. They allow us to take unmeasurable quantities
like entropy derivatives and swap them for easily measurable 𝑃 − 𝑉 − 𝑇 derivatives. By the end of
this lecture, we will have rigorous equations to calculate Δ𝑆, Δ𝐻, and Δ𝑈 for any real fluid from
𝑃 − 𝑉 − 𝑇 data.

2 The Maxwell Relations

Last class, we showed that a state function 𝐹(𝑥, 𝑦) has an exact differential of the form:

𝑑𝐹 = (𝜕𝐹
𝜕𝑥

)
𝑦

𝑑𝑥 + (𝜕𝐹
𝜕𝑦

)
𝑥

𝑑𝑦 (1)
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The partial derivatives in Eq. 1 are coefficients:

𝑑𝐹 = 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦

For example, our original fundamental equation for internal energy was:

𝑑𝑈 = 𝑇 𝑑𝑆 − 𝑃𝑑𝑉

The coefficients of the differentials are just the slopes of the surface in each direction:

𝑇 = (𝜕𝑈
𝜕𝑆

)
𝑉

and − 𝑃 = (𝜕𝑈
𝜕𝑉

)
𝑆

Because thermodynamic variables are state functions, you can follow any path to calculate changes
between equilibrium states. As shown in Fig. 1, you can follow constant 𝑆 and 𝑉 paths in any order
to compute the change in 𝑈; you don’t have to follow the “real” path. This is because 𝑈, 𝑆, and 𝑉
are all state functions.

Fig. 1: Internal energy is a state function and you can follow any path on the 𝑈(𝑆, 𝑉 ) surface.

This has the following mathematical consequence. The order of differentiation does not matter for
an exact differential.

[ 𝜕
𝜕𝑦

(𝜕𝐹
𝜕𝑥

)
𝑦
]

𝑥

= [ 𝜕
𝜕𝑥

(𝜕𝐹
𝜕𝑦

)
𝑥
]

𝑦

Referring to Eq. 1, if 𝑑𝐹 = 𝑀𝑑𝑥 + 𝑁𝑑𝑦, then the mixed second partial derivatives must be equal:
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(𝜕𝑀
𝜕𝑦

)
𝑥

= (𝜕𝑁
𝜕𝑥

)
𝑦

(2)

Let’s apply this rule systematically to the four fundamental equations.

2.1 From Internal Energy (𝑈)

𝑑𝑈 = 𝑇 𝑑𝑆 − 𝑃𝑑𝑉
Here, 𝑥 = 𝑆, 𝑦 = 𝑉 , 𝑀 = 𝑇 , 𝑁 = −𝑃. Applying the exactness criterion:

(𝜕𝑇
𝜕𝑉

)
𝑆

= − (𝜕𝑃
𝜕𝑆

)
𝑉

(3)

2.2 From Enthalpy (𝐻)

𝑑𝐻 = 𝑇 𝑑𝑆 + 𝑉 𝑑𝑃
Applying the exactness criterion:

(𝜕𝑇
𝜕𝑃

)
𝑆

= (𝜕𝑉
𝜕𝑆

)
𝑃

(4)

2.3 From Helmholtz Free Energy (𝐴)

𝑑𝐴 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉
Applying the exactness criterion:

(𝜕𝑆
𝜕𝑉

)
𝑇

= (𝜕𝑃
𝜕𝑇

)
𝑉

(5)

2.4 From Gibbs Free Energy (𝐺)

𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉 𝑑𝑃
Applying the exactness criterion:

− (𝜕𝑆
𝜕𝑃

)
𝑇

= (𝜕𝑉
𝜕𝑇

)
𝑃

(6)

Note: The last two Maxwell relations (from 𝐴 and 𝐺) are by far the most useful in chemical engineering,
because they relate entropy at a constant temperature directly to volumetric (𝑃 − 𝑉 − 𝑇) properties.

Eq. 3 through Eq. 6 are the Maxwell Equations.
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3 Calculating Entropy Changes

Let’s see the power of these relations in action. Suppose we want to calculate the change in entropy
of a real gas, and we choose to use 𝑇 and 𝑃 as our independent variables.

𝑆 = 𝑆(𝑇 , 𝑃 )

Taking the total differential:

𝑑𝑆 = (𝜕𝑆
𝜕𝑇

)
𝑃

𝑑𝑇 + (𝜕𝑆
𝜕𝑃

)
𝑇

𝑑𝑃

We need to replace these two partial derivatives with measurable quantities.

1. The Temperature Derivative: Recall the definition of constant-pressure heat capacity: 𝐶𝑝 =
(𝜕𝐻

𝜕𝑇 )
𝑃
. Since 𝑑𝐻 = 𝑇 𝑑𝑆 + 𝑉 𝑑𝑃, at constant pressure (𝑑𝑃 = 0), 𝑑𝐻 = 𝑇 𝑑𝑆. Therefore:

𝐶𝑝 = 𝑇 (𝜕𝑆
𝜕𝑇

)
𝑃

⟹ (𝜕𝑆
𝜕𝑇

)
𝑃

=
𝐶𝑝

𝑇

2. The Pressure Derivative: We apply the Maxwell relation from the Gibbs Free Energy (Eq. 6):

(𝜕𝑆
𝜕𝑃

)
𝑇

= − (𝜕𝑉
𝜕𝑇

)
𝑃

Substitute these back into the total differential:

𝑑𝑆(𝑇 , 𝑃 ) =
𝐶𝑝

𝑇
𝑑𝑇 − (𝜕𝑉

𝜕𝑇
)

𝑃
𝑑𝑃 (7)

If we instead chose 𝑇 and 𝑉 as our variables, 𝑆 = 𝑆(𝑇 , 𝑉 ), we would use 𝐶𝑣 and the Maxwell
relation from 𝐴 to get:

𝑑𝑆(𝑇 , 𝑉 ) = 𝐶𝑣
𝑇

𝑑𝑇 + (𝜕𝑃
𝜕𝑇

)
𝑉

𝑑𝑉 (8)

Remember we derived an expression for the change in entropy of an ideal gas in terms of 𝑇 and
𝑃:

Δ𝑆 = 𝐶𝑝 ln(𝑇2
𝑇1

) − 𝑅 ln(𝑃2
𝑃1

)

This is just the integrated form of Eq. 7 for an ideal gas, where (𝜕𝑉
𝜕𝑇)

𝑃
= 𝑅

𝑃 . For a real gas, that term
is not 𝑅

𝑃 , and the change in entropy is more complicated. However, Eq. 7 is still exact and can be
used to calculate the change in entropy of any real fluid from 𝑃 − 𝑉 − 𝑇 data!

The same is true for the change in entropy of a real fluid as a function of 𝑇 and 𝑉 using Eq. 8. For an
ideal gas, (𝜕𝑃

𝜕𝑇)
𝑉

= 𝑅
𝑉 , and we recover the ideal gas expression for Δ𝑆 in terms of 𝑇 and 𝑉. For a

real fluid, that term is not 𝑅
𝑉 , but Eq. 8 still holds and can be used to calculate the change in entropy

from 𝑃 − 𝑉 − 𝑇 data.

.
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