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1 Review and Continuation of Phase Equilibrium Discussion

Last lecture, we established two key ideas about phase equilibrium:

1. For two phases in equilibrium (see Fig. 1), temperature, pressure, and chemical potential are
equal:
Te=17° P =P p*=pf

Fig. 1: Phase equilibria between two phases o and f3.

2. For a pure fluid, the chemical potential is just the molar Gibbs energy:

p=G

So in this special case of pure fluids, phase equilibrium can be expressed as equality of molar
Gibbs energies in addition to equality of temperature and pressure:

G =¢"
This lecture picks up from there. We will:

e connect chemical potential to all of the major thermodynamic potentials,

e write the general fundamental relations when NN is allowed to vary,

e show that maximizing entropy for a closed system at constant 7'and P’ implies minimization
of G,

e derive a very important result relating the rate of change of Gibbs energy to the rate of
entropy generation,
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e derive the Clapeyron equation, and
e simplify it to the Clausius-Clapeyron equation for vapor-liquid equilibrium.
e introduce the semi-empirical Antoine equation for vapor pressure.

2 Chemical Potential and Thermodynamic Potentials

The chemical potential is the partial molar Gibbs energy:

o= (g—fé)w )

But 1 also appears naturally when we differentiate the other thermodynamic potentials with respect
to the number of moles, holding their natural variables constant (see the last derivation in the
previous lecture notes where we showed that maximizing entropy yields the conditions of phase
equilibria). The result is that ;4 can be expressed as a partial derivative of any of the four major
thermodynamic potentials.

2.1 Chemical potential from U, H, A, and G

For a one-component system, in addition to Eq. 1, we also have:

p=(5%) . )
= (5v), @

Note that in these expressions, U, H, A, and G are the extensive thermodynamic potentials, not the
molar potentials. The derivatives are taken with respect to the number of moles at constant values
of the natural variables of each potential.

This means that x is the conjugate variable to N, just as:

e T'is conjugate to .S,
e —Pis conjugate to V.

This is why chemical potential is the natural thermodynamic quantity governing transfer of matter.
When there is no net matter transferred between two phases, the chemical potentials must be
equal.
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3 General Fundamental Relations with Chemical Potential

We first learned the fundamental relation for a closed, one-component system with fixed composi-
tion:

dU=TdS — PdV

For a closed system, we could just multiply by N to get the fundamental relation for the extensive
internal energy:

NdU =dU = N(TdS — PdV) =TdS — PdV

If the number of moles is allowed to vary for an open system, however, then we must add a third
term involving dN since the moles or mass can change in an open system. The full differential
relations for the extensive potentials are:

dU = TdS — PdV + pdN (5)

dH =TdS + VdP + pdN (6)
dA = —SdT — PdV + pdN (7)
dG = —SdT + VAP + pndN (8)

Convince yourself that these are correct by looking at Eq. 1 through Eq. 4 to see how the chemical
potential emerges as the partial derivative with respect to V.

Eq. 5 - Eq. 8 are the general fundamental relations for a one-component open system. If you look
back at Fig. 1, you can see that phases o and [3 are open systems that can exchange matter with each
other, so these are the correct fundamental relations to use when analyzing phase equilibrium.

3.1 Important special case

For a closed system, (d/N = 0), these reduce to the familiar forms:

dU =TdS — PdV

dH =TdS +VdP

dA = —-SdT — PdV
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dG = =SdT +VdP

4 Phase Equilibrium in Terms of Chemical Potential

The general condition for phase equilibrium between any two phases a and /3 is:

p* = pP

For a pure fluid, since 4+ = G, this can also be written as

G =G"
Thus:
e vapor-liquid equilibrium:
G’ =
e solid-liquid equilibrium:
G =G
e solid-vapor equilibrium:
¢ =c
e triple point:
G =G=G"

If the molar Gibbs energies of the phases are not equal at a given 7'and P, then the system is not at
phase equilibrium.

5 Gibbs Energy and Spontaneous Processes

Now we want to connect phase equilibrium to the direction of spontaneous change.
The key question is:

At constant T'and P, what thermodynamic potential determines whether a process will
proceed spontaneously?

We will show that the answer is the Gibbs energy.
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5.1 Closed System Energy and Entropy Balances

Consider a closed system at constant temperature and pressure.

5.1.1 Energy balance
Ignore kinetic and potential energy changes. The (extensive) energy balance is:

ag .o
E—Q—FW

For a simple compressible system, if the only work is boundary (“PV”) work,

. av
W =—-P—
dt
so
a . av
= —0 - p—~ 9
dt @ dt ®)
5.1.2 Entropy balance
The entropy balance for a closed system is
s Q.
E = 71 + 5 gen (10)
where:
) Q /T accounts for entropy transfer with heat
e S,., is the rate of entropy generation
Multiply by T'to get:
das . .
TE - Q + TSgen
Solve for Q
. as .
Q =T— —TS gen

dt
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5.1.3 Combined energy and entropy balances

Substitute this last expression into the energy balance Eq. 9:

dU dsS . dVv
— =T— T — P—
dt dt Sgen dt
Rearrange:
dU dV dsS .
— +P——-T— =-T
at T lar Tt Sgen

Because 7'and P are constant, they may be treated as constants with respect to time and moved
inside the derivative.

i(U+ PV —TS)=—TS

dt gen
But by definition,
G=U+PV-TS
Therefore,
dG .
= —_T8S 11
dt gen ( )

5.2 Key Result

! Key Result: Gibbs Energy and Entropy Generation

At constant T"and P, Eq. 11 shows that the rate of change of Gibbs energy is directly related to
the rate of entropy generation:

dG ;
= e
Since the second law requires
S gen >0
it follows that
e
— <0
dt —

for any spontaneous process.
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6 Interpretation: Why G is Minimized at Equilibrium

This result gives immediate physical insight.

6.1 Spontaneous process

If the process is spontaneous,
Sgen >0
SO

dG

— <0
dt

That is, Gibbs energy decreases with time for a spontaneous process.

6.2 Equilibrium
At equilibrium,
Sgen =0
S0
dG
il
dt

Thus, at constant 7'and P, a spontaneous process moves in the direction of decreasing Gibbs energy,
and equilibrium corresponds to a minimum in G (at constant 7, P, and N):

A spontaneous process moves in the direction of decreasing Gibbs energy, and equilib-
rium corresponds to a minimum in G.
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ConstantT, P

/

state

Fig. 2: Spontaneous processes move downhill on the G surface.

7 Phase Stability and Direction of Phase Change

This explains why G tells us which phase is stable.
At a given T'and P

o ifG' > G, vapor should spontaneously condense to liquid,
e if G' > G, liquid should spontaneously vaporize,
e if G' = G, the two phases are in equilibrium.

So G tells us the direction a process wants to go.
The most stable phase at equilibrium is the one with the lowest molar Gibbs energy.

Recall when we were solving cubic equations of state, we had to determine which root corresponded
to the stable phase. We needed to compare the pressure to the experimental vapor pressure to
choose the proper root, but that assumed the cubic equation of state captured the experimental
vapor pressure. Now we see that the root with the lowest molar Gibbs energy is the stable phase.
This is how we trace out phase diagrams with equations of state - we solve for the Gibbs energy of
each phase, and choose the one with the lowest G as the stable phase. We will come back to this
later when we discuss the concept of fugacity.

7.1 Foreshadowing Mixtures

For a pure fluid,

oG
= <8_N> . and G = NG

For a mixture, each species i has its own chemical potential:
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" = (3_G>
Z ON; T,P,N,;

That is, when differentiating with respect to /V,;, we hold:

e I'constant,
e Pconstant,
e all other mole numbers N ;j constant.

This will be extremely important next semester when you study mixtures.

8 Derivation of the Clapeyron Equation

Now we return to phase equilibrium of pure substances and ask:
How does the equilibrium pressure change with temperature along a phase boundary?

Consider a pure fluid on a P-T'phase diagram, as shown in Fig. 3.

T

Fig. 3: An example of a P — T'phase diagram. Consider the coexistence line between two phases L
and V' (could be any two phases v and [3). Start at one of the points in phase equilibrium
and move along the coexistence curve between the two points by making small changes in I’

(dT) and P (dP).

Suppose the system is initially at a point on the coexistence line. If we change the temperature by
dT, then the pressure must also change by d P to remain on the phase boundary. That is shown by
the points and dotted red lines in Fig. 3.

10
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e a
daT
)
B B
dP

Fig. 4: Two phases in equilibrium where 7'changes by d1'and P changes by d P.

The phases will still be in equilibrium after these changes (Fig. 4) but they will be at a different
point on the phase boundary. The question is: what is the slope of the phase boundary, i.e. what is
dP/dT along the coexistence curve?

For a pure fluid,

dG =VdP — 5dT
At equilibrium between phases o and 3,
G =¢"

and if we remain on the coexistence curve during the differential change,

dG* = dG”
So:
VP — 8%dT = VPdp — SPdT
Rearranging:
(V' —V")dP = (8" — §)dT
Therefore,

or more compactly,

(4 A 1)
a—p

dT

we define all changes from a to fas (8 — «).

11
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This is one form of the Clapeyron equation. For the vapor-liquid coexistence line shown in Fig. 3,
this becomes

AS
(d_P) _ vap (13)
dT) s AV

—vap

9 Clapeyron Equation in Terms of Enthalpy
Using the fact that for a reversible phase change at equilibrium,

AHOA—>ﬁ

A Oz—)ﬂz
= T

we obtain

(dP) _ AHYP
dT) . 5 TAV™P

This is the most common form of the Clapeyron equation:

(dP) AHYB (1)
a—p

aT) . 5 TAVPP

It is an exact equation and applies to any two phases in equilibrium. The Clapeyron equation
connects measurable thermodynamic properties (A H, AV) to the shape of phase diagrams.

For VLE (as shown in Fig. 3), this becomes the (exact) Clapeyron equation for vapor-liquid equilib-
rium:

dp AH
()= 257
dT) .y TAV,

10 Physical Implications of the Clapeyron Equation

The sign of the slope of a coexistence curve depends on the signs of AH and AV.

12
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10.1 Vapor-liquid equilibrium

For vaporization,

. Aﬂvap >0,
° A‘_/Wp > 0,

SO

(57) =0
AT/ v

Thus the vapor-liquid line has a positive slope (see Fig. 3).

10.2 Solid-liquid equilibrium

For melting,

e AH Fus > 0 almost always,
. AY_/fus is usually positive, but not always.

For most substances,

<
V
<

SO

<dP> 50
AT} s

This is also consistent with Fig. 3, which shows a positive slope for the solid-liquid coexistence
line.

10.3 Why water is unusual

Water is unusual because ice is less dense than liquid water, so

Thus, for water,

and therefore

13
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(dP) <0
dT'/) s1p

So the solid-liquid line for water has a negative slope, as shown schematically in Fig. 5.

water

P Slightly
negative slope

T

Fig. 5: Phase diagram of water showing the negative slope of the solid-liquid coexistence line.

Other substances with this behavior include bismuth, gallium, germanium, silicon, and arsenic.
The fact that V¥ > V* for water is critical for life on Earth, because it allows ice to float on liquid
water, providing insulation and a habitat for aquatic life during cold weather.

11 Derivation of the Clausius—Clapeyron Equation

Now let’s focus on the Clapeyron equation for vapor-liquid equilibrium.

Start with

dP _ AH
(), = 73 @

To simplify this, make three assumptions.

11.1 Assumption 1: vapor volume dominates liquid volume

Assume

14
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SO

V—VaV

This is usually a good approximation except near the critical point, where the liquid and vapor
densities become similar.

11.2 Assumption 2: vapor behaves ideally

Assume the vapor is an ideal gas:

RT
V=—
- P
Combining the first two assumptions:
RT
V—Vala~—
- 0= P
Substitute into the Clapeyron equation (Eq. 16):
d Psat A ﬂ vap
dT ~ T(RT/Psat)
so
dpsat  P*'AH
dT ~  RT?
Rearrange:

apset AH, 4T
psat " R T2

or equivalently,

dln Psot = R d <l> (17)
R T

15
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11.3 Assumption 3: Aﬂmp is constant

Assume AH does not vary strongly with temperature over the range of interest. Then integration
vap

gives:
(B Z Ay (11
pyat R \T, T,

This is the Clausius—Clapeyron equation.

12 Clausius—Clapeyron Equation

The Clausius—Clapeyron equation may be written as

(B A, (11 (18)

or, relative to an arbitrary constant,

sat Aﬂvap 1
In P = _TT +C (19)

This is an approximate equation, because it relies on the three assumptions above, but it is often
very useful and reasonably accurate over moderate temperature ranges.

13 Interpretation of Clausius—Clapeyron

This equation shows that a plot of

1
1 Psat -
n VS T

should be approximately linear, with slope

——vap

R

Therefore, vapor pressure data can be used to estimate the enthalpy of vaporization.

16
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Clausius-Clapeyron Plot for Water
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... === Linear Fit: slope = -5141.4 K

g A
N
£ 100 ‘\
o '\‘
% E
.
3_ 9.5 4 SO
£ .
“u.
9.0 4 ‘\.
S
Slope = 7AHT'“ \'\
851 | AHyap = 42.7 KJ/mol T
..
8.0 »
0.0627 0.0E)ZB 0.0b29 0.0630 0.0631 0.0632 0.0633
YT (K1)

Fig. 6: Plot of In P*%* vs. 1/T for water, showing a linear relationship.

In Fig. 6, we see that the Clausius—Clapeyron equation gives an excellent fit to the vapor pressure
data for water over a moderate temperature range. The slope of the line can be used to estimate
Aﬂwp, and the intercept can be used to estimate the constant C. The estimated enthalpy of

vaporization is 42.75 kJ/mol.

How does this compare to literature?

e The true AH,,, for water at 100°C is 40.65 k] /mol.
e The true AH,,, for water at 25°C is 44.00 kJ/mol.

Obviously, the enthalpy of vaporization is not constant. Since the Clausius—Clapeyron equation
assumes it is constant, the results are not perfect. Nevertheless, the estimate of 42.75 kJ/mol is
mid-way between the true values at 25°C and 100°C, which is consistent with the fact that we
assumed AH vap Was constant. For water under these conditions, the Clausius-Clapeyron equation

is an excellent approximation.

14 Antoine Equation

Vapor pressures are often tabulated in the form of the Antoine equation (see Appendix E in your
textbook):

B
sat __
og,, P =476

This functional form is loosely related to the Clausius-Clapeyron equation, but the Antoine equation
is empirical. The parameters A, B, and C are fitted to experimental vapor pressure data. The Antoine
equation can provide a better fit to vapor pressure data over a wider temperature range than the
Clausius—Clapeyron equation, because it has more adjustable parameters. However, it does not
have a direct physical interpretation like the Clausius—-Clapeyron equation does.

17
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15 Example: Why Is Ice Slippery?

A classic hypothesis is that the pressure exerted by an ice skate melts the ice underneath the blade,
creating a thin liquid water layer that reduces friction.

Let us test whether this is plausible using the Clapeyron equation.

Suppose ice is initially at —5°C and 1 bar. How much pressure would be needed to make it melt at
—5°C?

We cannot use the Clausius—Clapeyron equation here because this is solid-liquid equilibrium, not
vapor-liquid equilibrium.

Instead use the exact Clapeyron equation:

(E) _ fus
dT') g1 g TAL/fus
Assume AH Fus and Alffus are approximately constant over the small temperature range.

Using data near 0°C for water:

e p! ~ 1000kg/m?
e p° ~ 917kg/m®
° Aﬂfus ~ 6010]/mol

The molar volumes are approximately

V'~ 1.80 x 10~° m® /mol

V¥~ 1.97 x 107° m3 /mol

SO

A‘_/f,u.s:‘_/{_‘_/s<0

Integrating the Clapeyron equation approximately gives a required pressure on the order of tens of
bar, roughly

P, ~ 66 bar

This is much larger than the pressure exerted by a typical skate blade, which is only a few bar. (You
should verify this with a force balance and a ruler to estimate the area of contact between the blade
and the ice.)

18
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Therefore:
Pressure melting alone does not explain why ice is slippery.

A better explanation is that the ice surface is not a perfect bulk solid; a thin disordered or quasi-liquid
interfacial layer can exist, and frictional heating may also contribute.

16 Summary

e Chemical potential is the conjugate variable to /N and can be written as:
_<3U> _((9[‘[) _<8A) _<8G>
" \oN sv \ONJgp \ON)py \ON/pp

The general fundamental relations are:

dU = TdS — PdV + pdN
dH =TdS + VAP + pndN
dA = —SdT — PdV + pdN
dG = —SdT + VAP + ndN

For a closed system at constant 7'and P, the rate of change of Gibbs energy is related to the
rate of entropy generation by:

dG :
T
dt Sgen

Therefore:

- spontaneous processes decrease G,
- equilibrium corresponds to a minimum in G.

The exact Clapeyron equation is:

(&), = raye
dT) . 5 TAV™P

For vapor-liquid equilibrium, under additional assumptions, this becomes the Clausius-

Clapeyron equation:
Pyt AH 11
].n < 2 t> = — vap <_ J— _)
ppe R T, 1T,

19
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